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SVM primal problem has a dual optimization

Dual has box constraints on dual variables

Dual only considers inner products of data vectors
Kernel trick: replace inner products with kernel functions

* |nner products iIn mapped feature space



Kernel SVM
min 3 37 3 aiayiiten—
I J I

s.t. Za;y; =0, «; €]0,C]

f(x)=w'x+ b= Z QYK (xi.x)+ b b=y — Z Qvj YK (i x)
i J

for examples 1 where

O0<a; < C
K = kernel function



Outline

* Feature maps and nonlinearity
e Efficient kernel functions
* Polynomial kernel

 (Gaussian radial basis function kernel (correction from last video)



Nonlinear Decision Boundary
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Nonlinear Decision Boundary
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Polynomial Feature Map

d(x) = [Xl, oox9 Xt X xIxt L x99 ]T
Third-order terms {Xlxlxl, xIxIx? oxtx9x9 ,dedxd}
Fourth-order terms Ix'>xIx*x i, j, k, 0 € {1,..,d}}

O(x)| = ) d®=0(d")
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Polynomial Decision Scores
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Efficient Kernel Computation

b(x) K(xi, %) = ®(x;) " &(x))
O(x;) =[x, ..., x7, xixt, X xS X L xPxE L]
LT
P(x;) = [XJXJ XXy XX XX XX ]
(x;' x; +1)" (xi x)(x: x;) +2x;' x; + 1
X € RI*" K=(X'X+1)"

elementwise exponentiation



Radlal Basis Functions




RBF Kernel

1
K(xi, x;) = exp ( 53 | xi — XjH2)

(mistake from last video)
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Taylor Expansion of RBF Kernel

1
K(XivXj):eXp< 20.2HXI'_XJ'||2> 021/\/5
= exp (—|Ixi — x[[*) o
= exp (—; x;) exp (_XJTXJ) exp(2x; X)) xp(2) = %
=0
— 2"(x;! x;)"
— exp (—X,-TXi) exp (—XjTXj) ; nl — T~

order-n polynomial kernel* ¢"(x)

o™ = exp(—x " x) [0 (x)T, 3(x)T, ..., ®=(x)T]"




Kernel Formulas

Linear K(xi, x;) = x;' x; X; e RI*m  X; € RY*"
K = XiTXj
Polynomial K(xi, x;) = (x;' x; + 1)V K=(X'X +1)M
1 2
RBF K(xi, x1) = exp | =55 1x — x|

1 /. T T
K = exp ( > (dlag(X,-TX,-)lT Idiag(X;' X;)' — 2X,.ij)>



Kernels

 Map input data to new feature space (usually higher dimensional)
o Efficient method for computing inner product in mapped space

 Methods using inner products can directly use kernel

e E£.9., dual SVM



Next [Ime

 How to alleviate the computational cost of SVM training”

e QP: roughly O(n3) for n constraints or variables



